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Using quaternions [1], a new method of regularizing integral equations of the theory of elasticity is
proposed which is identical for plane and spatial problems. The regularizors and the regularized equations
are presented. The method does not use the theory of a symbol, as was done earlier [2-4], or the transition
to the complex form [5]. The quaternion technique has not been applied so far to integral equations of the
theory of elasticity but has been used to obtain the general solutions of Lamé’s equations. {

Definition 1. Quaternions are numbers of the form ay+ a;e; = ag+ a, where ¢; are the same square root of
minus one, ag and a; are real numbers (i = 1, 2, 3), and « is an imaginary quaternion.

Operations with quaternions are defined by means of operations with the square root of minus one. If the
square root of minus one is interpreted as unit vectors of a Cartesian basis, the operation of multiplication can
be expressed in terms of scalar and vector products el = -1, ejxex = e;e; (i#]), where ey is the Levi-Civita
symbol. The table of multiplication enables the product of arbitrary quaternions z; = ag+a and z; = by + b to
be interpreted in terms of the operations of the scalar and vector products zz =
apbo+agb+bya+axb—a-b. The product of quaternions is non-commutative and the associative rule holds.

Let z(x;, x5, x3) be any quaternion function and V = e;9/0x; be the quaternion Hamilton operator.

Definition 2. The function z will be called a quaternion analytic (K-analytic) function if it satisfies the relation
Vz=0.

In the plane case, a function of two variables z(x;, x2) = zp(%1, x2) +€;2z;(x1, xz) but having three square
roots of minus one will be considered.

Let ! be a closed piecewise smooth curve in the S plane, S* the interior region bounded by the curve /, S~ the
-exterior region, 7 and n vectors which are, respectively, tangent and normal to the curve /, and let k be a vector
which is perpendicular to the S plane, k = n X 7.

Vectors 7, n and k£ may be resolved with respect to the basis e, , €, ¢; where the unit vectors e, and e, belong
to S, e3]|k. The components may be interpreted as imaginary quaternion functions and a number of theorems
may be formulated.

Theorem 1. Let z and q be arbitrary quaternion functions of two variables x;, x, differentiable in S* and let n
be an imaginary quaternion. The equality
fznqdl = [zvqdS + [ gvzdS 6))
I SO’ s’
then holds [an over bar indicates the operation of conjugation (the sign before each of the imaginary unities of a
quaternion is replaced by the opposite one)]. The theorem is proved by using Stokes’s formula which connects
surface and curvilinear integrals.
We put h =V, In|r|, where r = |x—y|, x, yES.

Theorem 2. Let q(x) (x€S™) be an arbitrary quaternion which is continuous up to the boundary and has
derivatives bounded in S*. We then have
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[ 0, yes~

~ [h =
Ifh”xQdex Sf’ Vxq(x)dSy l21rq(y), yes* (2)

This is proved by substituting the quaternion z = h into Eq. (1). If the point yES™, it is necessary to remove
a circle of radius e, centred at y, from the $* domain, to write Eq. (1) and to let € go to zero. Note that V, 1 = 0
everywhere except at the point x = y.

Theorem 3. Let g(x) be an arbitrary quaternion which is continuous up to the boundary and has derivatives
bounded in § . Let limg(x) = 0 as | x|~ . This inequality, which differs from (2) in the sign before the first
integral and in the notation of the $* and S~ domains then holds.

Theorem 4. (The analogue of Gauss’ integral in the quaternion field.) For a piecewise-smooth curve / the
equality
0, yeS~
J(y) = [angdly =§ ~w, y&€l
! —2n, yeS*

holds, where w is the angle enclosed by the tangents to the curve at the point y& /.

Definition 3. The integral

Q) = Ifhnxq(x)dlx, yest

is called the analogue of the potential of a double layer (or the analogue of a Cauchy-type integral).
Here g(x) is an arbitrary quaternion. For y €/ the integral Q (y) is singular. Let us consider the operator A

Aq = n7'Q(y), yer 3

Theorem 5. (The analogue of the Cauchy integral formula.) Let g(x) be a K-analytic function in the S*
domain; then its representation by means of the boundary value
0, yes§~
2y =1 —wq(y), yel
-2nq(y), y€eS*
holds.
This is proved from Theorems 2 and 4.
From Theorems 2 and 5 a similar result is obtained for functions which are K-analytical in the S~ domain.
Hence it holds that for the boundary values of such functions given in the S* and S~ domains we have,
respectively,
Ag = -n'wq, Aq=rl'Qr-w)gq 4)
These equalities may be combined into one
Aq = q &)
for the Lyapunov curve w = .
Theorem 6. The function Q (y) is K-analytic in both the $* and S~ domains.

To obtain the proof it is necessary to apply to operator V, to the function Q(y), substitute it into the
integrand and take into account that V,h = -V hand V.h = 0 for x #y.

Theorem 7. Let a quaternion g (x) be specified on a piecewise-smooth curve / which may be continued into
the S* and S~ domains retaining the Holder conditiont

+The conditions of Theorem 7 may not be satisfied uniquely. If a function g(x) satisfies the Hélder condition on the
boundary /, then it has even a harmonic continuation into the § * and §~ domains.
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1qGe’) — q(x")1 < cix' —x"|*
c>0, 0<a<l, x,x"eS*nS"-
Then for boundary values of the function Q(y) we have
Q' = (-2n+w)q+ndq, Q@ = wq+nAq (6)

where Q< are the limit values as the point y approaches the boundary from the S * domains, respectively.

The theorems given above resemble outwardly the set of well-known theorems of the theory of analytic
functions, namely those of potential theory. The distinction lies in the presence of the quaternion functions and
the quaternion products in them.

Theorem 8. Let g(x) be an arbitrary quaternion which satisfies the conditions of Theorem 7. We then have
Alq = 7 'Quwr~w?)g+r ' 2n - 2w) Aq @)
For the Lyapunov curve we obtain
A'q =4 8)

The proof of identity (7) follows from the first or the second of Egs (4) after substituting the corresponding
value Q* or Q™ [given in (6)] for g. It is possible to make this substitution because Q * are the limit values of
the K-analytic function Q.

Theorem 9. Equality A = A~ holds.
The proof follows from (8) and holds for the Lyapunov curves /.
Putting Aq = p we obtain a pair of transformations from (8)

Ag=p, Ap =q 9

Let pg, p', qo and g’ be real and imaginary parts of the quaternion p and g. Using the vector and scalar
interpretations of the multiplication of quaternions and separating the imaginary and real parts, it is possible to
rewrite Eqgs (9) in vector form.

We will introduce the operators

qu = g1 /qoh-nxdlx, qu =n! fqohxnxdlx‘
1
Dg' = n! [[-q'h- ny+(hXny) x q') diy
1
Fg' =n7' fq- (hxmdl, (o
1

Then Eqs (9) take the form

_qu _Fq' Pos qu"'Dq, ' (11)
"Bpo _Fp’ = 4y Cpo +Dp, =gq (12)

Henceforth we will omit the primes on the vectors p’ and g’.

t ]
Q.

Theorem 10. The operators C, D and F are singular, and the operator B is completely continuous.

The integral Bp, is known as the double-layer potential.

Up to now, it has been implied that ¢ = ¢ (x, x2) (x;, x,€S) and that the vector g has any direction. Let us
now assume that it lies in the § plane.

Theorem 11. Let g L k. Then we have

Fqg =0 Cq,1k, Dqlk (13)
FDq = 0, q,+B*q, = -FCq,, DCq, = CBq, (14)
Dq=gq (15)

Proof. For x, y € S the vector 4 lies in the S plane. Hence Eq. (13) follows at once from definition (10) of the
operators F, C and D.

We find po = —Bgq and p = Cqy+ Dq from Egs (11) and (13). Substituting p and p into (12) and using the
fact that g, and q are arbitrary, we obtain Eqs (14) and (15).
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The integral equations of the plane state of strain, obtained by using the Somigliana identity (the direct
statement), have the form

0.5u + Gu = Yhu — aDu — Tu = Kf (16)

where a = (1-0v)/(4(1-v)), B=1/(2(1—v)), and u(x) and f(x) are the displacement and stress vectors
defined at the points x of the boundary /.
The operator D is given by formuia (10), and

Kf = ’ff(x) “Ux,yydl

1+v

Ve = - 050

[(3—-4v)IIniri—rh)

where E is Young’s modulus, v is Poisson’s ratio, [ is the unit matrix, and r4 is the dyadic product of the vectors
rand A [6].

Operator T in (16) is completely continuous, the form of which is henceforth not important.

All the singularity of integral equation (16) is contained in the operator D.

Theorem 12. The operator R = 0.5] + aD is the equivalent regularizor of Eq. (16). The regularized equation
has the form

(0,25 — a?)u — BRTu = RKS (17)

Proof. Multiplying (16) by the operator R and taking into account identity (15), we obtain Eq. (17). The
complete continuity of the operator R - T follows from the fact that one of the factors, that is the operator T, is
completely continuous.

By virtue of (15), which holds for every g, the homogeneous equation R, = 0 has only a trivial solution for
a# £0.5. For this reason [3] the regularization will be equivalent.

Theorem 13. The operator R’ = 0.5 — G is the equivalent regularizor of Eq. (16). The regularized equation
has the form

0,254 ~ G*u = R'Kf (18)

Proof. Since we can always add any completely continuous operator to the regularizor [2], the operator
R’ = R+ BT is a regularizor. Squaring the operator G and taking into consideration identity (15), we can write
the regularized equation (18) explicitly as

G? = (aD+8T)* = 21+ °T* + af(DT + TD) (19)

The regularized equation (18) may be preferable for calculations because

(i) the norm of the operator G is smaller than the norm of the operator G, and

(i) the number of arithmetic operations decreases when Eq. (19) is used (since we skip the calculation of
D?).

For the indirect statement, the first and the second problems of the theory of elasticity are reduced to the
problem of finding the density vectors ¢ and ¢ of certain potentials

+050+Gp = u, *05¢+G*y =f (20)

The operator G * is conjugate with respect to the operator G. It can be shown that G* = +aD+ T,, where
T, is a specified completely continuous operator. Therefore the scheme for regularizing Eqs (20) is identical
with that for regularizing Eq. (16). In particular, any of the operators £0.5/+ aD, £0.5/ - G and £0.5] - G* is
the regularizor of Eq. (20). All these operators are identical up to the completely continuous summands.

The quaternion technique of regularization may also be extended to the integral equations of spatial
problems of the theory of elasticity. Assertions are known concerning the need to distinguish the cases of one
and several variables in the theory of regularization [2, p. 7; 3, p. 197].

For the case of spatial problems Theorems 1-10 also hold if a number of changes are carried out.

Instead of the plane domains S* and S~ bounded by a contour /, we will consider the three-dimensional
domains V* and V™~ enclosed by a surface S. The quantity ~1/|r| is substituted for the function In|7| and 27 is
substituted for 7. These substitutions have also to be carried out in the operators B, C, D and F.
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For the case of spatial problems, Theorems 1-10 may partly be obtained by formulating the results of [7, 8] in
quaternion form.

The integral equations of spatial problems of the theory of elasticity presented in operator form are (16) and
(20). The operators G, G*, K may be taken from [6].

It is important that the representations G = —aD + T, and G* = —aD + T, where T; and T, are the specified
completely continuous operators, are made, i.e. equalities D = ~G/a = —G*/a hold, the last of them being
known [9].

Instead of Theorem 11 we prove the following one.

Theorem 14. For the operators B, C, D and F the identities

B*q, -FCq, = q,, —BFq+FDq =0
~CBq,+DCq, = 0, —-CFg+D%q = q (21)
hold.

Proof. Eliminating the quantity po and p' from Eqs (11) and (12) and then substituting zero values for g and
q' successively, we obtain the identities (21).

Theorem 15. The operator D*— D is completely continuous.

Proof. The following corollary may be obtained from Eqs (21)
D3*q - Dq = CBFq (22)

The operator D?— D is completely continuous because it may be replaced by the composition CBF which
contains the completely continuous multiplier B.

Theorem 16. The operator
Yoa"2(1 - 4a®)/+%a'D+D?* =R (23)

is the regularizor of Eq. (16).
The regularized equation has the form

0,125a¢7*(1 - 4a®) u — aCBFu + RT,u = RKf (24)

Proof. Let R be a second degree polynomial in D with undetermined coefficients. Multiplying Eq. (16) by R
and using (22) we select the coefficients so as to eliminate the powers of the operator D. We obtain the
statements of the theorem.

Substituting —G/a or G*/a for D in (23) we obtain the regularizors in terms of the original operators G or
G*, for example

R = %1 - 4a*)] - %G+ G? (25)

As the spectrum of G is real, the equation R, = 0 has only a trivial solution. Hence R’ is the equivalent
regularizor.

For Eqs (20) the regularizors may be obtained from (25). To do this we multiply Eqs (20) by § = +1. This
gives

¢+8Gyp = 8u, yYy+8G* = su

Substituting 8G or 8G * for G in (25) we obtain the equivalent regularizors which are suitable for any of Eqs
(20).

Some of the regularizors of the type (25) were obtained previously in [4] by using the theory of a symbol.

REFERENCES

1. KANTOR I. L. and SOLODOVNIKOV A. S., Hypercomplex Numbers. Nauka, Moscow, 1973,

2. MIKHLIN 8. G., Multidimensional Singular Integrals and Integral Equations. Fizmatgiz, Moscow, 1962,

3. KUPRADZE V. D., GEGELIA T. G., BASHELEISHVILI M. O. and BURCHULADZE T. V., Three-dimensional
Problems of the Mathematical Theory of Elasticity. Nauka, Moscow, 1976.



770 V. N. KutruNOV

=N o

. MAZ’YA V. G. and SAPOZHNIKOVA V. D., Remark on the regularization of the singular system of isotropic

elasticity. Vestn. LGU, Ser. Matem., Mekh., Astr. 7, 1964.

. KUTRUNOV V. N., Regularization of singular integral equations of the plane problem of the theory of elasticity basing

on the spectrum. In Research on the Mechanics of Structures and Materials. LISI, Leningrad, 1990.

. LUR'YE A. 1., Theory of Elasticity. Nauka, Moscow, 1970.

BITSADZE A. V., The inversion of a system of singular integral equations. Dokl. Akad. Nauk SSSR 93, 4, 1953.

. BITSADZE A. V., The spatial analogue of the Cauchy-type integral and some of its applications. Dokl. Akad. Nauk

SSSR 93, 3, 1953.

. PERLIN P. L., Application of the regular representation of singular integrals for solving the second basic problem of the

theory of elasticity. Prikl. Mat. Mekh. 40, 2, 1976.

Translated by A S.S.



